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1. Introduction 


Zadeh [1] in 1965 presented the idea of fuzzy set theory, which has a very important role in 
solving problems by providing a suitable way for the expression of vague concepts by having 
membership. Computer scientists and mathematicians have studied and developed fuzzy set 
theory with widened applications in fuzzy logic, fuzzy topology, fuzzy control systems, etc. Also 
theories such as fuzzy probability, soft and rough set theories are used to solve these problems. A 
new approach for handling uncertainty, the idea of soft theory was presented by Molodtsov [2] in 
1999. Now, there is a rapid growth of soft theory with applications in many fields. Several basic 
notions of soft set theory were defined by Maji et al. [3] while his works were improved in [4-7]. A 
combination of fuzzy sets and soft sets, named as fuzzy soft set theory, was presented by Maji et al. 
[8]. 

The idea of soft sets was generalized into hypersoft sets by Smarandache [9] by transforming 
the argument function F into a multi-argument function. He also introduced many results on 
hypersoft sets. Saqlain et al. [10] utilized this notion and proposed a generalized TOPSIS method for 
decision making. Neutrosophic sets [17], from their very introduction, have seen many such 
extensions and have been very successful in applications [18-29, 48-50]. In 2019, Rana et al. [11] 
introduced Plithogenic Fuzzy Hypersoft Set (PFHS) in matrix form and defined some operations on 
PFHS. Single and multi-valued Neutrosophic Hypersoft set were proposed by Saqlain et al. [12], 
who also defined tangent similarity measure for single-valued sets and an application of the same 
in a decision making scenario. In an another effort, Saqlain et al. [13] also introduced aggregation 
operators for neutrosophic hypersoft sets. A recent development in this area of research is the 
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introduction of basic operations on hypersoft sets in which hypersoft points in different fuzzy 
environments are also introduced [14]. 

Fuzzy topology, a collection of fuzzy sets fulfilling the axioms was defined by Chang [15] in 
1968. Fuzzy set theory was applied into topology by Chang and many topological notions were 
introduced in fuzzy setting such as convergence and compactness [30-32]. Then Intuitionistic fuzzy 
topological spaces were introduced and were developed further into many new concepts as 
separation axioms, categorical property, connectedness [33, 34, 37-39]. Neutrosophic topological 
spaces were introduced by Salma et al. and further concepts as connectedness, semi closed sets and 
generalized closed sets were developed [40-44]. Olgun developed the concept of Pythagorean 
topological spaces and recently Pythagorean nano topological spaces were introduced and 
advanced into concepts such as weak open sets [35, 36, 45-47]. The notion of fuzzy soft topological 
structure was coined by Tanay et al. and was further enquired [16, 51, 52]. This notion was applied 
to the advanced sets as intuitionistic and neutrosophic soft sets thus developed as Intuitionistic and 
Neutrosophic soft topological spaces [53-59]. 

In this paper, we define the concept of ‘Fuzzy Hypersoft Topology’ with the fuzzy hypersoft 
sets and we define some basic notions. A logical extension of this topology would necessarily be 
Intuitionistic and Neutrosophic Hypersoft topologies. Hence we propose Intuitionisitc and 
Neutrosophic Hypersoft topology in this paper. Following this we describe the basic definitions 
and concepts in second section and the third section contains the introduction of the base fuzzy 
hypersoft topological spaces with few properties. Fourth and fifth sections contain the extension of 
fuzzy hypersoft topological spaces which are intuitionistic and neutrosophic hypersoft topological 
spaces along with basic properties. 


2. Preliminaries 


Definition 2.1 


Let V be the universe, P(V) the power set of V and £}, F2, E3 ...Ej, be the parameters which are 
pairwise disjoint. Let A, be the non-empty subset of E, for each | = 1,2,...m. A hypersoft set is the 
pair (0, A, X Az X ...X Am) where 

0:A, X A,X ..X Ay, > P(V). 

Simply, we write the symbols E for E, xX E, X ..X En, 3 for A, x Az X...xX Am and a for an 

element of S. 


Definition 2.2 


Let the fuzzy universe be V, & a subset of E. Then (0, 3) is called 
1. a null fuzzy hypersoft set if for each parameter a € 3, O(a) is 0. 
2. an absolute fuzzy hypersoft set if for each parameter a € 3, O(a) is V. 


Definition 2.3 [14] 


Let (0,3) and (9,8) be two fuzzy hypersoft (FH) sets over V. Then union of (0, 3) and (9, 8) is 
(€,6) = (0,3) U(,8) with G=G, x G, x...x G, where G, = A, U B, for k = 1,2,..n and & is 
defined by 


O(a) ifaEegZ-B 
_ ) d(a) ifaEeEB-§ h ~(G..6 C.)E6 
§(a) O(a)U (a) if ae€3UB where a = (G,,G2,...Gy) € G. 
0 else 


Definition 2.4 [14] 


Let (0,3) and (9,8) be two FH sets. The intersection is denoted by 
(€,G) = (0,3) N (8,8) where © = G, X G, X ...X G, where G, = Ax 1) B, for k = 1,2,...n. 
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O(a) ifae3—-B 
é(a) = 4 0(a) ifaEeEB-9§ where a = (G,,G2,...G,) € G. 
Oa@NIMa ifaEesnNS 


Definition 2.5 


Let (0,3) and (9,8) be two FH sets. (0,3) is called a FH subset of (9,8), if J SB & O(a) S 
8(a) for alla € 3. We denote this by (0,3) & (9, B) [14]. 


Definition 2.6 


Let (0, 3) and (9,8) be two FH sets. (0,3) & (9,8) are equal if and only if (0,3) S (98,8) and 
(8,8) © (0,3) [14]. 


3. Fuzzy Hypersoft Topological Space 


In this section, we define the concept of “Fuzzy Hypersoft Topology”. Let £1, F2, F3...E, be 
the parameters of the universe V, the set of all fuzzy sets be F(V), the collection of all FH sets over 
Ve (where E = E, xX E, X E3...X En) be B(V,E). 


Definition 3.1 


Let (@, X) be an element of B(V,E) (where ¥ = X, x X2 x X3 ...x X, with each X; is a subset of 
E; (i =1,2...n), set of all fuzzy hypersoft (FH) subsets of (@,¥) be P(e, ¥) and t, a subcollection of 
P(o,&). 


(i) by,(@,¥) ET 
(ii) (0,3), (9,8) € tT => (0,3) N (9,B) Et 
(iii) (00,3), | LE L} Et > Vier (8,3), ET 


If the above axioms are satisfied then t is fuzzy hypersoft topology (FHT) on (@, X). (X,T) 
is called a fuzzy hypersoft topological space (FHTS). Every member of t is called open fuzzy 
hypersoft set (OFHS). A fuzzy hypersoft set if called closed fuzzy hypersoft set (CFHS) if its 
complement is OFHS. 


For example, {x , (e, ¥)} and P(@,X) are fuzzy hypersoft topology on (@,¥) and are called 
as indiscrete FHT and discrete FHT respectively. 


Example 3.2 


Let V = {x1, X2, x3, Xa} and the attributes be Ey = {a,, az}, E, — {a3, ay} and E3 — {as, Ae}. 
Then the fuzzy hypersoft set be 


(60 aves) (585})- (Coren 40) {35 (Cer. t0 00) {8 33}) (Go00 00 [55-55}) 
((ca.0s.05) {55,48} »((avasvae)[53}) + (Ceaae.as{5})- (Ceo, a0.06){55}) 


Let us consider this fuzzy hypersoft as (9, ¥). Then the subfamily 
T= {Px , (e,X), 


{((ex ssa) { S553) (Cores a5)-{ 55} {(Carasras){39}): (cera a9) {35-33}) } 
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(Ga, a3, as), { a , (a, a4, a6), {% 23}) , (a, a3, as),{24}) , (a, a4, as), {= 2}) , (@, a3, as), { 


(ca, 3,46), {2}) ; (@, 4, 4s), { x}) ’ (ca, 4,4), f *}) 


of P(@, £) is a FHT on (9, &). 


Definition 3.3 


Let t be a FHT on (@,X) € 8(V,E) and (9,8) be a FH set in P(o,X). A FH set (0,5) in 
P(e, X) is a neighbourhood of FH set of (9, 8) if and only if there exists an OFHS (€, €) such that 
(9, B) < (, ©) c (0,9). 
Theorem 3.4 

A FH set (0,3) in P(@, ¥) is an OFHS if and only if (@, 3) is a neighbourhood of each FH set 
(9,8) contained in (0, 3). 


Proof: 


Consider an OFHS (0,3) and any FH set (9,8) confined in (0,3). Thus we have (9, 8) ¢ 
(0,3) € (0,3). Implies that (8, &) is a neighbourhood of (9, 8). 


Let (0,2) be a neighbourhood of each FH set confined in it. Since (0,3) € (0,3), there 
exists an OFHS (€, €) such that (0,3) ¢ (é, €) c (0,5). Thus (0,3) = (€, €), (0, S$) is OFHS. 
Definition 3.5 

Let (X,,T) is called a FHTS on (@,X) and (0,3) be a FH set in P(g@,X). The neighbourhood 
system of (0,3) relative to t is the collection of all neighbourhood of (©, 3) and denoted by HN 3). 
Theorem 3.6 


If HN(@,5) is the neighbourhood systems of FH set (0, 3). Then, 
1. Finite intersection of member of HNg@ x belongs to HN@5)- 
2. Each FH set which has a member of HN(@,3) belongs to HNi@ 5). 


Proof 


1. (9,8) and (€, ©) € HN(@y then there exists (9', B’), (€, ©’) € t such that 
(0,3) < (9, 8’) € (9, B) and (0,3) < (&, €') c (©). 
Since (9', 8’) 1 &,€') € t we get @,W) ¢ WO, BIN EC) O&BNEO 
Hence (9,8) M (g, €) belongs to HN(@3). 


2. Let (9,8) € HN) and (é, ©) be a FH set having (9, 8). 
Since (9,8) € HN@3) there exists an OFHS containing (9', 8’) such that (0,3) ¢ (8, 8’) c (9, B) it 
follows that (0,3) € (9’, 8’) c (€, €). Thus (€, ©) belongs to HN@ 3). 
Definition 3.7 


Let (X,,T) is called a FHTS and (0,9), (9,8) be FH set in P(@,X) such that (9,8) c (0,9). 
Then (9,8) is said to be an interior fuzzy hypersoft set (IFHS) of (0,3) if and only if (0,3) is a 
neighbourhood of (9, 8). 


The union of whole IFHS of (0,3) is named the interior of (0,3) and denoted as (0,3)°. 
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Theorem 3.8 
Let (¥,,T) is called a FHTS and (0, 3), a FH set in P(g, X). Then, 


i) (0,3)° is open and (0, 3)° is the biggest OFHS confined in (0, $). 
ii) (0, 3) is OFHS iff (0, 3) = (0,3)°. 


Proof 


i) Since (0,3)° = U {(9, B)/(0, 3) is a neighbourhood of (9,8)}, (@,3)° is itself an IFHS of 
(0, 3). Then there exists an OFHS (€, ©) such that (0,3)° € (&, ©) c (0,3). (&, ©) is an IFHS of (0,5), 
hence (&, ©) c (0,3)°. Thus (0,3)° is the largest OFHS enclosed in (0, 9). 


ii) Let (©, 3) be an OFHS. Since (0,3)° is the IFHS of (0, 3), we have (0,3) = (0,3)°. 


Conversely if (0,3) = (0,3)° then (0, 3) is OFHS. 


Definition 3.9 


Let (X,,1,) and (X,,12) be two FHTS. If each (0,9) € 7, is in tz then T, is called the FH 
finer than T, (or) Tt, is FH coarser than Tp. 


Definition 3.10 


Let (X,,T) be a FHTS and (0,3) € B(V, E). The fuzzy hypersoft closure (FHC) of (0,3) is 
the intersection of all CFH sets that contains (0,3) which is denoted by (0,3). 
Thus, (0,5) is the smallest CFHS which has (0, $) and (0, $) is CFHS. 


Theorem 3.11 


Let (X,,7) be a FHTS and (0,9), (8, 8) € B(V, E). 
Then, 

(ONC 

(i) CH-@3 —_ 

(iii) If (0, 3) < (8, 8), then (0,3) € (9, B). 

(iv) (0, 3) is a CFHS iff (0, 3) = (0,3). 

(v) (0,3) U (8,8) = (,3) U (8, 8) 


Proof 


From the definition of FHC, the proof of (i) to (iii) is attained. 
(iv) Let (0,3) be CFHS. By (i) (0,3) & (0,3). Since (0,3) is the minutest CFHS which has (0,3), 
then (0,3) & (0,3). Thus (0,3) = (0,3). 


Conversely let, (0,3) = (0,3). Since (©, 3) is CFHS, then (0, 3) is also CFHS. 


(v) By (iv) (0,3), (8,8) € (0,3) U (8,8). S50 (0,3) U (8,8) S (0,3) U (8,8). 
Conversely by (i), (8,3) U (8,8) S (0,3) U (8,8). 


Since (0,3), (9,8) are FH sets and (0,3) U (9,8) is the minutest CFHS which has (0,33) U (9, 8), 
then (0,3) U (9,8) © (0,3) U (8,8) 


Thus the equality is obtained. 
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Theorem 3.12 


Let (Xo,t) be a FHTS and (0,3), (9,8) € B(V, E). 
Then, 

(i) (0,3)° € 3) 

(ii) ((0,3)°)° = (0, 3)° 

(iii) If (, 3) € (9,8), then (0,3)° & (9, B)°. 

(iv) (®, 3) is OFHS iff (0, 3) = (0,3)°. 

(v) (0,3) N (8, B)) = (0,3)° N (0, B)”. 
Proof 


(i) — (iii) are obvious from definition of interior 


(iv) Let (0, 3) be a OFHS, by (i) (0,3)° & (0,3). Since (0, 3)° is the largest OFHS that is contained in 
(0, 3), then (0, 3) € (@,3)°. Thus (6, 3) = (0,3)° 


Conversely, let (0,3) = (0, 3)° since (0, 3)° is OFHS, (0, 3) is also OFHS. 
(v) @,3) N (8,8) S (@,3), (8, B). Thus by (iii) ((@, 3) N (8,B))” S ,3)°N (0, B)’. 

Conversely by (i), (0,3)° N (9,8)° € (0,3) N (9,8). Since (0,3)°, (9,B)° are OFHS & 
((0,3)N(8,B)) is the largest OFHS that has (0,3)N(8,%), then (0,3)°N (8,B)°S 
((0,3) N (9,8))°. Thus, the equality is achieved. 

Definition 3.13 


Let (¥,,T) be a FHTS and B be a subcollection of t. If each element of t can be written as the 
arbitrary union of few elements of B, then B is called a fuzzy hypersoft basis (FHB) for the FHT t. 


Lemma 3.14 


Let (¥,,T) be a FHTS and B be FHB for t. Then f is the collection of FH union of elements of 
B. 


Lemma 3.15 
Let (X,,7) and (X,,t’) be FHTS and B, B’ be FHB for t and t’ respectively. If B’ c B, then t 
is FH finer than t’. 


Lemma 3.16 


Let {(9', 8,)/i € J} be a collection of FH sets corresponding to V, and (0,3) be a FH over V. 
Then 
(i) User [(€0,3) N (94, Bi] = (0,3) N (Vier (9, Bi) 
(ii) Nicer (C0, 3) U (8, B;)] = (, 3) U CNier (8, Bi) 


Proof 


(i) Let (0, 3) N (8', B;) = (€, ©) where € = 3 N B;. Then Uje; [(0, 3) N (9, B;)] = (E', €’) where C’ = 
Vier (3 N Bj). let Ujer (9', Bi) = (§", €”) where ©” = Ujer B;- Then (0,3) N Vier (9, B) = '", '") 
where ©" = (9 N ©”). Since 3 N (Ujer B) = Vier (SN By), we have 

© = Vier (JN Bi) and C'" = JN Vier Bi) = Vier (JN Bi). 
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Thus (0,3) M (Vier (8°, Bi) = ser (0, 3) A (94, B). 


(ii) Let Nie (8, B;) = (7, D) where D = Niecy B;. Thus (0,3) U (Nie (8, B;)) = (y',D') where D! = 
(3 UD). Now consider (0,3) U (8,8) = (",D"), where D" = (3 UB;). Then 
Nier (CO, 3) U (9', B;)) = (7'", D'”’) where D’ = Nie (D"). Since, JU (Nia B) = Nie (J UB), we 
get 

D! = (JUD) = 9U Niet Bi) = Nier G U Bi) and D'” = Njey (D") = Nier GU B). 


Thus, (0,3) U (Nie: (91, Bi)) = Nier ((, 3) U (9', B;)). 
Theorem 3.17 


Let (X_,T) be a FHTS and (0,3) € P(e, ¥) then the collection 
T@,3) = (9,3) N (8, B)/(9, B) € tT} is a FHT. 


Proof 


(i) Since bx, (@,X) ET, (0, 3) = (0, 3) al (@,X) and Dy = (0, 3) nN bx, then Py, (0, 3) € T(@,3): 


(ii) Consider (01,31), (92 32) € T(@,5). Then there exists (9;,8;) € T7@3) for each i = 1,2 such that 
0,3) =@49N (9;, Bi). 
Thus, (01,31) A (2,32) = [(0,3) N (91, B1)] N [(0, 3) N (82, B2)] 
= (0,3) N [(81, Bi) N (82, B2)] 
Since [(9;,B1) N (82, Bz) € t, we have (01,31) N (2,32) € Te3)- 


(iii) Let {(9, B) ;/j € J} be a subcollection of t(9 3). Then for each j € J, there is a FH set (&,€); of t 
such that (9,8); = (8,3) N (&, ©)j. 
Thus, U je (9,8); = Vjg (O35) N E,0©)) = (0,3) N Ujg (&, ©),). 


Since Ujey (é, ©); € tT, then (9, 8B); € T(@,3): 
Definition 3.18 


Let (,,T) be a FHTS and (0,3) © P(e, ¥). Then, the FHT 1,93) as in Theorem 3.17 is called Fuzzy 
hypersoft subspace topology and (Wg, T(@3)) is called a fuzzy hypersoft subspace of (Xp,7). 


4. Intuitionistic Hypersoft Topological Spaces 


In this section, we define the concept of “Intuitionistic Hypersoft Topology”. Let 
E,,E2,E3...E, be the parameters of the universe T, the set of all intuitionistic sets be F(T), the 
collection of all intuitionistic hypersoft sets over Tg (where E = E, x E, X E3...X E,) be B(T,E). 


Definition 4.1 


Let (@, §) be an element of ‘B(T, E) (where § = H, x Hx H3 ...x H, with each Y; is a subset of 
E; (=1,2..n), set of all intuitionistic hypersoft (IH) subsets of (@,§) be P(e,H) and t, a 
subcollection of P(g, §). 


(i) by, (@, 9) ET 
(ii) (0,3), 8, B) ET > (0,5) N (8,8) Et 
(iii) (00,3), | LE L} Et > Vier (8,3), ET 
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If the above axioms are satisfied then Tt is an intuitionistic hypersoft topology (IHT) on 
(@, §) and ($p,T) is called an intuitionistic hypersoft topological space (IHTS). Every member of T is 
called an open intuitionistic hypersoft set (OIHS). An intuitionistic hypersoft set is called a closed 
intuitionistic hypersoft set (CIHS) if its complement is an OJHS. 


Example 4.2 


Let T _ {v1 V2, ¥3, Va} and the attributes be Ey _ {b,, b>}, E, = {b3, by} and E3 = {bs, be}. Then 
the intuitionitic hypersoft set be 


y y 
( hv bb) {ais a}): (Ca (atin}): (Ca {atis: a} (Ca latin: (0.7,0.1) 


Ca fence ats} )- ( babs bo, (eal). (Cs {atin}). (be bub (25) 


Let us consider this intuitionistic hypersoft set as (9, 5). Then the subfamily 


T 


= {5,(0,9),{(Or.bs1bs). {Gig aeta}) (Cobbs). {Gz weigh) fC (Gr babs) { as}) 
(ba: bsrbs), (waaay as)})) { (@rbs:bs), (ain: oe oy” atts}): ((br.bsbe) (asia ain}) 


((b.,bs, be), { Gts}) (as bas bs). { goby azz} ).( abs, bs)s{ aE wei} ( obs, bo), {aeEa}), 
( (bo, babs). { aRtas}), (Ca be, Bods { a2} 


of P(e, §) is a IHT on (@, §). 


Definition 4.3 


Let t be an IHT on (@,) € $B(T, E) and (9,8) be an JH set in P(e, ). An IH set (0,3) in 
P(e, $) is a neighbourhood of IH set of (9,8) if and only if there exists an OIHS (€, €) such that 
(8, B) < ,€) < (0,3). 


Theorem 4.4 


An IH set (0, 3) in P(@, §) is an OJHS if and only if (0,3) is a neighbourhood of each IH set 
(9, 8) contained in (0, 3). 


Proof: 


Consider an OIHS (0,3) and any IH set (9,%) confined in (0,3). Thus we have (8,8) ¢ 
(0,3) © (0,3). This implies that (0, &) is a neighbourhood of (9, 8). 


Let (6, 2) be a neighbourhood of each IH set confined in it. Since (0, 3) € (0,3), there exists 
an OIHS (é,€) such that (0,3) ¢ (é, ©) c (0,5). Thus (0, 3) = (€, €), (@, 3) is OIHS. 


Definition 4.5 


Let (9,7) be called an IHTS on (@, §) and (0, 3) be an IH set in P(@, 5). The neighbourhood 
system of (0,3) relative to t is the collection of all neighbourhoods of (0,3) and is denoted by 
HNN es): 


Theorem 4.6 


If HNN(@5) is the neighbourhood systems of IH set (0, 3). Then, 
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1. Finite intersection of member of HNN x belongs to HNN@5)- 
2. Each IH set which has a member of HN Ni@,3) belongs to HNN@ 5). 


Proof 


1. (8, B) and (g, ©) € HNN@ 5) then there exists (9’, B’), (€', €’) € t such that 
(9,3) ¢ (8, 8’) c (8,8) and (0,3) ¢ 618) ¢ GG). 
Since (9, B’) N (é’, €') € t we get (6,A) CO, BNNE,LC)< OB NE® 
Hence (9,8) M (€, ©) belongs to HNN@5). 


2. Let (9,8) € HNN and (€, €) be a IH set having (9, 8). 
Since (9,8) € HNN(@5) there exists an OIHS containing (9’, 8’) such that (0,3) ¢ (9’, B’) c (9, B) it 
follows that (0,3) ¢ (9’, 8’) c (€, €). Thus (€, ©) belongs to HNN@3). 
Definition 4.7 


Let ($,,T) be an IHTS and (0,3), (9,8) be an IH set in P(@, §) such that (9,8) c (0,3). 
Then (9, %) is said to be an interior intuitionistic hypersoft set (IIHS) of (©, 3) if and only if (0, 3) is 
a neighbourhood of (8, 8). 


The union of whole IIHS of (©, 3) is named the interior of (0,3) and is denoted as (0, 3)°. 


Theorem 4.8 
Let (9,7) be an IHTS and (0,9), an IH set in P(g, §). Then, 


i) (0,3)° is open and (0, 3)° is the biggest OIHS confined in (0,3). 
ii) (©, 3) is OIHS iff (0, 3) = (0, 3)°. 


Proof 


i) Since (0,3)° = U {(9, 8)/(@, 3) is a neighbourhood of (9,8)}, (@,3)° is itself an ITHS of 
(0, 3). Then there exists an OIHS (€, €) such that (@,3)° ¢ (é, ©) € (0,35). (€, ©) is an ITHS of (0,5), 
hence (&, ©) c (0,3)°. Thus (0,3)° is the largest OIHS enclosed in (0,3). 


ii) Let (@, $) be an OIHS. Since (0, 3)° is the ITHS of (0, 3), we have (0,3) = (0,33)°. 


Conversely if (0,3) = (0,3)° then (0, 3) is OIHS. 


Definition 4.9 


Let (Dai ti) and (,,T2) be two IHTS. If each (0,3) € tT, is in tT, then T, is called the IH finer 
than T, (or) tT, is IH coarser than Tp. 


Definition 4.10 


Let (,,T) be a IHTS and (0,3) € R(T, E). The intuitionistic hypersoft closure (IHC) of 
(©, 3) is the intersection of all CIH sets that contains (0,3) which is denoted by (0, 3). 
Thus, (0,5) is the smallest CIHS which has (0, 3) and (0, 3) is CIHS. 


Theorem 4.11 


Let (,,T) be an IHTS and (0,3), (8, 8) € B(T, E). 
Then, 
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(i) (0,3) S @ 9) 

(i) @D=CD — 
(iii) If (@, 3) < (9,8), then (,3) < (8). 
(iv) (0,3) is a CIHS iff (0,3) = ©,9). 

(v) (0,3) U (8,8) = (0,3) U (8, 8) 


Proof 


From the definition of IHC, the proof of (i) to (iii) is attained. 
(iv) Let (©, 3) be CIHS. By (i) (©, 3) & (0,3). Since (0, 3) is the minutest CIHS which has (0,3), then 
(0,3) S (0,3). Thus (0,3) = (0,3). 


Conversely let, (8,3) = (0,3). Since (0,3) is CIHS, then (0, 3) is also a CIHS. 


(v) By (iv) (6,3), (8,8) € (0,3) U (8,8). So (,3) U (8,8) € (0,3) U (8,8). 
Conversely by (i), (0,3) U (8,8) & (0,3) U (9,8). 


Since (0,3), (9,8) are IH sets and (0,3) U (9,8) is the minutest CIHS which has (0,3) U (9, 8), 
then (0,3) U (8,8) © (0,3) U (8, 8) 


Thus the equality is obtained. 


Theorem 4.12 


Let (g,T) be an IHTS and (0,3), (9,8) € B(T, E). 
Then, 

(i) (0,3)° S (3) 

(ii) ((0,3)°)? = (0,3)° 

(iii) If (0, 3) € (9, B), then (0, 3)° € (9, B)°. 

(iv) (0, 3) is OIHS iff (©, 3) = (0, 3)°. 

(v) ((@,3) N (8, B))” = (0,3)? N (8, B)”. 


Proof 


(i) — (iii) are obvious from the definition of interior 


(iv) Let (0, 3) be a OIHS, by (i) (0,3)° & (0,3). Since (0, 3)° is the largest OIHS that is contained in 
(0, 3), then (0, 3) S (@,3)°. Thus (6, 3) = (0,3)° 


Conversely, let (0,3) = (0,3)° since (0,3)° is OIHS, (0, 3) is also OIHS. 


(v) (0,3) N (8,8) S (©,3), (8, B). Thus by (iii) (0,3) N (9,8))° Sc (0,3)°N (8, 8)°. 


Conversely by (i) (0,3)°N(98,8)° S(O,3)N (9,8). Since (0,3)°, (8,8)° are OIHS & 
((0,3) N (8, B))” is the largest OIHS that has (0,3)N (9,8), then (0,3)°N (98,8)° 
((0,3) N (8,B))°. Thus, the equality is achieved. 


5. Neutrosophic Hypersoft Topological Spaces 


In this section, we define the concept of “Neutrosophic Hypersoft Topology”. Let 
E,,E2,E3...E, be the parameters of the universe K, the set of all neutrosophic sets be F(K), the 
collection of all neutrosophic hypersoft sets over Kg (where E = E£, X E, X E3...X E,) be B(K,E) . 
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Definition 5.1 


Let (@, ¥) be an element of $8(K,E) (where Y = Y, x Y2 x Y3 ...x Y, with each Y; is a subset of 
E; @ =1,2...n), set of all neutrosophic hypersoft (NH) subsets of (0,9) be P(oe,Y) and t, a 
subcollection of P(e, ). 


(i) by, (@, 9) ET 
(ii) (0,3), 8, B) ET > (0,3) N (8,8) Et 
(iii) (00,3), | LE L} Et > Vier (0,3), ET 


If the above axioms are satisfied then t is neutrosophic hypersoft topology (NHT) on 
(e, 9). (Yo,T) is called a neutrosophic hypersoft topological space (NHTS). Every member of T is 
called open neutrosophic hypersoft set (ONHS). A neutrosophic hypersoft set if called closed fuzzy 
hypersoft set (CNHS) if its complement is ONHS. 


Example 5.2 


Let K = {2,Z>,Z3,Z,} and the attributes be EF, = {c,,c2}, E, = {c3,c4} and E3 = {cs,c¢}. Then 
the neutrosophic hypersoft set be 


Z2 Z4 Z4 21 22 
(Ga. C3, Cs), { (0.4,0.3,0.4) ’ (0.6,0.2,0.4) }) " (Ca, C3»Co), { 1) : (c. C4,Cs); { (0.4,0.4,0.6) ’ (0.3,0.2,0.8) }) ’ 
Z1 Z3 Z2 23 
C>,C3,€ 
(ce CA peers ” (0.7,0.1,0.6) }) d ( 2» C3, C5), { (0.3,0.5,0.6) ’ (0.5,0.1,0.4) } : 


23 24 22 
(cxexc0{caitza}) ( caeues){ aaStam} ):( (oeuee) (aazten}) 


Let us consider this neutrosophic hypersoft as (@, %)). Then the subfamily 


T 


= 21 22 22 23 22 

= {by (2,9), {(. C3,Cs), { (0.3,0.4,0.5) ’ (0.6,0.1,0.7) }) : G C3,C5), { (0.4,0.3,0.6) ’ (0.5,0.3,0.7) yh rf (cc C3, C5), { a) 
22 23 21 22 24 21 23 

(ce C3,Cs), { (0.3,0.3,0.6) ’ (0.5,0.1,0.7) }) (a C3, Cs), { (0.3,0.4,0.5) ’ (0.6,0.3,0.4) ’ (0.6,0.2,0.4) }) (a. Ca C6), { (0.5,0.3,0.4) ’ (0.7,0.1,0.6) }). 
Z1 Z1 22 22 Z3 

( C3, C6), { ——) , (ca, Cay Cs), { (0.4,0.4,0.6) ’ (0.3,0.2,0.8) We C3, Cs), { (0.4,0.5,0.6) ’ (0.5,0.3,0.4) }) 


((c2 C3,C6), { aaztza}), (Ceo C4,Cs), { axztan}), (Ceo C4, Ce), { acttan}) 
of P(e, 2) is a NHT on (@,Q). 


Definition 5.3 


Let t be a NHT on (@,¥9) € $8(K,E) and (9,8) be a NH set in P(@,%). A FH set (0,3) in 
P(@,%) is a neighbourhood of NH set of (9,%) if and only if there exists an ONHS (€, €) such that 
(8,8) c G, ©) ¢ (©,9). 


Theorem 5.4 


A NH set (0,3) in P(e, 9) is an ONHS if and only if (0, 3) is a neighbourhood of each NH 
set (9,8) contained in (0,3). 


Proof: 


Consider an ONHS (@,3) and any NH set (9,8) confined in (0,3). Thus we have (9,8) ¢ 
(0,3) € (0,3). Implies that (8, &) is a neighbourhood of (9, 8). 
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Let (6,2) be a neighbourhood of each NH set confined in it. Since (0,3) © (0,3), there 
exists an ONHS (é, ©) such that (0,3) ¢ (&, ©) c (0,3). Thus (©, 3) = (€, ©), (0,3) is ONHS. 


Definition 5.5 


Let (Qo, T) is called a NHTS on (@,Y) and (0,3) be a NH set in P(g, Y). The neighbourhood 


system of (0,3) relative to t is the collection of all neighbourhood of (0,3) and denoted by 
HNN es): 


Theorem 5.6 


If HNN(@5) is the neighbourhood systems of NH set (0,3). Then, 
1. Finite intersection of member of HNN x belongs to HNN@>5)- 
2. Each NH set which has a member of HN N(@,3) belongs to HNN(@ 3). 


Proof 


1. (8, B) and (€, ©) € HNN» then there exists (9’, 8’), (¢’, €’) € t such that 
(0,3) ¢ (8, 8’) c (8,8) and (8,3) ¢ 6,0) ¢ &, ©). 
Since (9, B’) N (é', €’) € t we get (6,A) < OW, BYNE,C) < OB) NE, © 
Hence (9,8) M (€, ©) belongs to HNN@5). 


2. Let (8,8) € HNN and (€, €) be a NH set having (9, 8). 
Since (9,8) € HNN 3) there exists an ONHS containing (8’, 8’) such that (0,3) ¢ (8’, 8’) c (9,B) 
it follows that (0,3) ¢ (8, 8’) c (, ©). Thus (§, ©) belongs to HNN). 
Definition 5.7 


Let (Yo,T) is called a NHTS and (0,3), (8,8) be NH set in P(@, Y) such that (9, B) c (0,3). 
Then (9,%) is said to be an interior neutrosophic hypersoft set (INHS) of (©,3) if and only if (©, 3) 
is aneighbourhood of (9, 8). 


The union of whole INHS of (0,3) is named the interior of (0,3) and denoted as (0, 3)°. 
Theorem 5.8 
Let (Yo, T) is called a NHTS and (0, 3), a NH set in P(@, 9). Then, 


i) (0,3)° is open and (0, 3)° is the biggest ONHS confined in (0, 3). 
ii) (0,3) is ONHS iff (©, 3) = (0, 3)°. 


Proof 


i) Since (0,3)° = U {(9, 8) /(@, S) is a neighbourhood of (9, 8)}, (@,3)° is itself an INHS of 
(0,3). Then there exists an ONHS (é,€) such that (0,3)° ¢ (€,€) c (0,3). (€,©) is an INHS of 
(0, 3), hence (&, €) c (0,3)°. Thus (0, 3)° is the largest ONHS enclosed in (0, 3). 


ii) Let (0, 3) be an ONHS. Since (0, 3)° is the INHS of (0,3), we have (0, 3) = (0,3)°. 


Conversely if (0,3) = (0,3)° then (0, 3) is ONHS. 
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Definition 5.9 


Let (Dot) and (Y»,T2) be two NHTS. If each (0,3) € T is in tz then tz is called the NH 
finer than T, (or) T, is NH coarser than T3. 


Definition 5.10 


Let (Qo,T) be a NHTS and (0,3) € $(K, E). The neutrosophic hypersoft closure (NHC) of 
(0, 3) is the intersection of all CNH sets that contains (0,3) which is denoted by (0,3). 
Thus, (0,3) is the smallest CNHS which has (0, 3) and (0,3) is CNHS. 


Theorem 5.11 


Let (Yo,T) be a NHTS and (0,3), (9, 8) € B(K, E). 
Then, 

(i) (0,3) € (,3) 

MCN-OD 

(iii) If (0, 3) € (9, 8), then (0,3) € (9, 8). 

(iv) (0, 3) is a CNHS iff (0,3) = (0,3). 

(v) (0,3) U (8,8) = (0,3) U (8, 8) 


Proof 


From the definition of NHC, the proof of (i) to (iii) is attained. 
(iv) Let (0,3) be CNHS. By (i) (0,3) & (0,3). Since (0,3) is the minutest CNHS which has (0,3), 
then (0,3) & (0,3). Thus (0,3) = (0,3). 


Conversely let, (8,3) = (0,3). Since (0,3) is CNHS, then (0, 3) is also CNHS. 


(v) By (iv) (0,3), (8,8) € (0,3) U (8,8). S50 (0,3) U (8,8) € (0,3) U (8,8). 
Conversely by (i), (0,3) U (8,8) & (0,3) U (9,8). 


Since (0,3), (9,8) are NH sets and (0,3) U (9,8) is the minutest CNHS which has (0,33) U (9, 8), 
then (0,3) U (98,8) © (0,3) U (8,8) 


Thus the equality is obtained. 


Theorem 5.12 


Let (Yo.T) be a NHTS and (0,33), (9, 8B) € B(K, E). 
Then, 

(i) (0,3)° € (0,3) 

(ii) ((0,3)°)° = (8,3)° 

(iii) If (0, 3) S (9, B), then (0, 3)° & (9, B)°. 

(iv) (0, 3) is ONHS iff (0,3) = ©, %)°. 

(v) ((8,3) N (8, B)) = (0,3)? N (8, B)”. 


Proof 


(i) — (iii) are obvious from definition of interior 


(iv) Let (0,3) be a ONHS, by (i) (8, 3)° & (0,3). Since (0, 3)° is the largest ONHS that is contained 
in (0, 3), then (0,3) € (0,3)°. Thus (0,3) = (0,3)° 


Conversely, let (0,3) = (0,3)° since (0, 3)° is ONHS, (0,3) is also ONHS. 
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(v) (8,3) N (8,8) S (@,3), (8, B). Thus by (iii) (0,3) N (8,8) S (0,3) N (8, B)°. 


Conversely by (i), (0,3)°N (9,8)? € (0,3) N (9,8). Since (0,3)°, (9,8)° are ONHS & 
(8,3) N(8,B))° is the largest ONHS that has (0,3) (9,8), then (0,3)°N (0,8)? € 
((0,3) N (8,B))’. Thus, the equality is achieved. 


6. Conclusion 


Herein we have defined fuzzy hypersoft topology and few basic properties have also been 
presented. In addition fuzzy hypersoft topology is extended to intuitionistic hypersoft, 
neutrosophic hypersoft topology along with some of its basic properties. In future, many properties 
of topological spaces can be extended to fuzzy hypersoft, intuitionistic and neutrosophic hypersoft 
topological spaces. 
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